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Non-Equilibrium Self-Assembly of Monocomponent
and Multicomponent Tubular Structures in Rotating Fluids
Taehoon Lee, Konrad Gizynski, and Bartosz A. Grzybowski*
form monocomponent as well as unprecedented binary tubular assemblies ranging
from those having many (D4d, D6h, etc.)
to very few (Cs) symmetry elements. The
system we describe combines four other
remarkable characteristics: i) the strength
of the confinement can be regulated by the
fluid’s rate of rotation; ii) different tubular
structures can be interconverted by accelerating or decelerating the fluid; iii) for the
helical assemblies, it is possible to control
their chirality by adjusting the orientation
of the fluid’s axis of rotation with respect
to gravity; and iv) the transient assemblies
can be made permanent by solidifying the rotating liquid. The
experimental results are supported by molecular dynamics simulations and, together, constitute a generalizable toolkit for the
assembly of fibrous structures of unusual symmetries and with
interesting extensions to the problems of packing of nonspherical particles[21,22] or deformable entities (e.g., bubbles, cells) in
adjustable, fluid-imposed confinements.
Figure 1a illustrates the experimental system in which poly
meric beads (density ρp = 0.9–1.13 g cm−3 depending on the
material used) are placed in a cylindrical tube (I.D. 10 mm;
O.D. 15 mm; length, L = 75 mm) filled with an aqueous solution of agarose (≈0.25 wt%, Calbiochem Omnipur Agarose) and
with cesium bromide added to adjust the density of the liquid
to above that of the particular beads used (ρl = 1–1.2 g cm−3).
The tube is sealed (so that no air bubbles remain inside) and
mounted onto a commercial lathe (Sherline Products 4100ADRO) for which the angular velocities can be adjusted up to
ω = 10 000 rpm. To prevent agarose gelation, the system is kept
at 60 °C. When the tube is stationary or rotates along its long
axis only slowly (cf. below), the dynamics of the beads is dominated by the buoyant force directed upward, FB = (ρp − ρl)Vg,
where V is bead’s volume and g is gravity. When ω increases,
however, the beads start to experience a centripetal force directed
toward the axis of tube’s rotation, FC(r) = −(ρl − ρp)Vrω2, where
vector r specifies bead’s radial position. In other words, the rotation of the tube imposes a confining harmonic potential on the
beads, E(r) = 1/2(ρl − ρp)Vr2ω2. As the rotation rate is increased
to a few thousand rpm, centripetal acceleration increases to
the order of 10 g, and the centripetal force localizes the beads
toward the axis of tube’s rotation. When the number of beads
is low, they can all fit into a single line on the axis of rotation
(see Movie S1, Supporting Information). When however, there
are significantly more beads, they form ordered cylindrical
structures such as those shown in Figure 1b–d. Importantly,
these tubular assemblies can be made permanent–without any
change in ordering—by gelating the agarose solution by letting

When suspended in a denser rotating fluid, lighter particles experience a
cylindrically symmetric confining potential that drives their crystallization
into either monocomponent or unprecedented binary tubular packing. These
assemblies form around the fluid’s axis of rotation, can be dynamically interconverted (upon accelerating or decelerating the fluid), can exhibit preferred
chirality, and can be made permanent by solidifying the fluid. The assembly
can be extended to fluids forming multiple concentric interfaces or to systems
of bubbles forming both ordered and “gradient” structures within curable
polymers.

Packing of particles over (or inside) cylindrical domains has
been studied for well over a century, initially in the context of
leaves arranging around a plant’s stem, scales on a pine cone, or
spines on a cactus (the so-called “phyllotaxis”[1,2]). Subsequently,
such forms of “tubular” packing have also been observed in bacteriophage tails, bacterial flagella, and microtubules[3] as well as
various material systems (e.g., foams,[4,5] colloids,[6,7] and nanoparticles[8] in templating channels, fullerenes in nanotubes,[9,10]
fibrous assemblies of Janus particles,[11] chiral nanoparticles,[12]
or DNA[13]). While the packing of equally sized particles has
been studied theoretically and understood in detail,[3,14–17] it
has proven difficult to a priori predict/control assembly of specific structures in experiment. In addition, there have been no
works that would consider tubular packing in mixtures of particles of different sizes. Here, we describe non-equilibrium selfassembly[18,19] of ordered tubular structures which relies not
only on molecular- or colloidal-scale particle–particle interactions[6–13] but also on fluidic confinement imposed by a rotating
fluid[20] denser than the assembling particles. By adjusting
the sizes and numbers of these particles, it is then possible to
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Figure 1. Experimental arrangement and examples of mono- and multicomponent tubular assemblies. a) Scheme of the experimental system. Directions
of gravity (g) and of the buoyant force (FB) are indicated by arrows. b–d) Cartoons (b) and experimental images (c,d) of some of the structures assembled
at/around the cylinder’s axis of rotation. The structures shown in the photographs were made permanent by gelating the agarose solution. In (c), the
top structure is a binary assembly of 1.588 mm polyamide shell particles and 2.381 mm polypropylene core particles; the middle structure comprises
2.381 mm polyamide (shell) and 1.588 mm polypropylene (core) beads; the bottom structure is a monocomponent assembly of 1.588 mm polypropylene
beads. In (d), the top and middle structures are monocomponent (made of, respectively, 2.45 mm polypropylene and 1.588 mm polypropylene beads).
The bottom structure is a binary assembly 1.588 mm polyamide (shell) and 3.175 mm polypropylene (core) particles. Scale bars = 5 mm.

the rotating tube cool down to room temperature. Examples of
such solidified structures are shown in Figure 1c,d.
We first consider structures formed by like-sized particles—
in most experiments, d = 1.588 mm polypropylene spheres
(ρ = 0.9 g cm−3), but also 53 and 500 µm polyethylene spheres
(ρ = 0.98 g cm−3). Figure 2a–e (and Movie S2, Supporting Information) show structures obtained at ω = 2000–3000 rpm. when
the number of the millimeter-sized particles (nondimensionalized by the number of spheres forming a tightly packed single
line along the tube, n0 = L/d) was increased from 1.2 to 4.0.
These structures comprise both helical assemblies of different
pitch as well as those of D2d and D3d symmetries, all previously predicted[3,15,16,23,24] (but only few observed experimentally[6–9,11]) for the maximum-volume-fraction configurations
of hard spheres confined in a cylindrical channel. Amorphous
phase begins to occur at n/n0 ≈ 3.0, becomes significant at
n/n0 ≈ 3.8 (accompanying structures of D2d symmetry), and
dominates above n/n0 ≈ 4.5. The full ω versus n/n0 phase diagram is shown in Figure 2f and features several regions where
different types of packing can coexist within the tubular aggregates—in such cases, larger markers denote the dominant
“poly
morphs.” We note that structures observed for larger
particles also assemble from smaller beads (500 and 53 µm,
Figure 2g,h), although achieving good quality packing requires
much more experimental care, especially eliminating even
minor off-axis precession of the tube in the lathe and careful
reduction of any vibrations.
To obtain further insights into the assembly process, we performed molecular dynamics simulations following the general
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methods[25,26] to describe motion of particles or bubbles in
rotational flows. In brief, the time changes in the velocity vi of
dv i
= FAi + FIi + FDi + FB + FLi + Fijn .
dt
 Du i dv i 
FAi = ρ lCMV 
−
 accounts for the motion
 Dt
dt 

sphere i are due to several forces, ρpV
In this equation,

of a sphere in an inviscid flow of velocity ui and with an addedmass coefficient[27] CM, FIi = ρ l V 

1
FDi = CD Aρl | u i − v i | ( u i − v i )
2

Du i 

Dt 

is the inertial force,

is a drag force[25] in a viscous fluid
with CD being the drag coefficient and A the cross-sectional
area of the sphere, and FB = (ρp − ρl) Vg is the buoyant force.
In a rotational flow, the sphere also experiences a lift force[28]
FLi = ρ l CLV ( u i − v i ) × (∇ × u i ), where CL is the lift coefficient.
To capture interactions between polymeric, slightly deformable
spheres i and j with the overlap αij = |ri − rj| − d, we adopted
the “partially latching spring” model[29] with a normal contact
n
force: Fij = K 1 α ij n ij (αij ≥ 0, loading) or Fijn = K 2 (α ij − α o ) n ij
(αij ≤ 0, unloading), where K1 and K2 are the stiffness coefficients for loading and unloading, respectively, αo is the
value of αij where the unloading curve goes to zero, and
nij = (ri − rj)/|ri − rj| is the unit vector joining the centers of
the two spheres. Hydrodynamic interactions between sparsely
distributed particles (cf. Movie S1, Supporting Information)
were not necessary to simulate the tightly packed assemblies
forming for n/n0 > 1.
The simulations reproduce all experimentally observed structures (e.g., Figure 3a see also Movie S3 and S4, Supporting
Information) including dominant vs minority packing (see
above and also phase diagram in Figure 3d) and appearance
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Figure 2. Monocomponent tubular assemblies. a–e) Representative structures formed by 1.588 mm polypropylene beads immersed in a mixture of
water and agarose at ω = 2000–3000 rpm. Experimental images are shown in the left column; 3D and cross-sectional cartoons are shown on the right.
The vertical axis gives the number n of the spheres relative to the number n0 of spheres in a tightly packed single line of length equal to that of the
tube. f) A phase diagram indicating dominant structures at different values of ω and n/n0. Structures are denoted by different markers corresponding
to those in panels (a–e). If the assemblies are polymorphic—that is, feature regions of different packing—larger markers correspond to the dominant
structure. At concentrations higher than n/n0 ≈ 3.0 (dotted line), the assemblies also contain noticeable fractions of amorphous phase. Images of
structures formed by smaller, g) 500 µm and h) 53 µm (h), particles at ω = 2000–3000 rpm.

of an amorphous phase at high concentrations (n/n0  3.7).
Figure 3b plots the fractions of ordered domains of a given
packing (quantified by the total length of such ordered domains
relative to the entire length of the assembly/tube, L) as a function of the normalized particle number n/n0. As seen and in
agreement with experiments, the fraction of ordered domains
decreases with increasing n/n0 and is the lowest for structures
that have voids along the axis of rotation (D3d, gray line and
D2d, pink line). Interestingly, in previous theoretical studies
of hard spheres packing in rigid cylinders,[3,23] all large structures (i.e., those formed in cylinders much wider than particle
diameter) featured an empty channel along the cylinder’s long
axis. In our harmonic potential, however, such structures are
energetically very costly (cf. energies calculated in Figure 3c)
which can explain why they are of less regular ordering and
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also why for even higher particle numbers, we observe mostly
glassy states.
We make two additional comments about the monocomponent assemblies. First, at least some structures can be interconverted by changing the rotation rate (e.g., in Figure 4a and
Movies S5, S6, Supporting Information, from D2d into C1 and
from C1 to D3d by decreasing rotation rate). This phenomenon
is due to the fact that upon changes in ω, the fluid near the
tube’s surface and side walls responds first, effectively giving
rise to transient flows along the tube’s axis (Figure 4b).[30]
Depending on whether the fluid is accelerated or decelerated, these flows either stretch or compress the beads along
the axis of rotation, resulting in the change in their packing.
Interestingly, such transitions are fully reversible when
the changes in the rotation rates are rapid (on the order of
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Figure 3. Simulations of monocomponent tubular structures. a) Examples of structures simulated by molecular dynamics. b) Fraction of ordered
assemblies of a given packing plotted as a function of n/n0 (i.e., particle number relative to the number of particles packed in a single straight line
along tube’s axis of rotation). Cross-sectional images of structures are given by the cartoons over each curve; compare with Figure 2a–e. Each data
point corresponds to an average from ten independent simulation runs (here, for ω = 3500 rpm, L = 75 mm, IDtube = 10 mm, d = 2 mm, ρl = 1.0 g cm−3,
ρp = 0.9 g cm−3). c) Potential energy of tubular assemblies as a function of the normalized particle number, n/n0. The energy is in the units of ρlVω2
with the “zero” reference point corresponding to a line formed by n0 particles. Calculations were performed for 2 mm particles and 75 mm long tube.
d) A simulated phase diagram (compare with Figure 2f) indicating dominant (large markers) and minority (smaller markers in parentheses) structures
observed at different values of ω and n/n0. Amorphous phase becomes appreciable at concentrations above n/n0 ≈ 3.7 (dotted line). Ten independent
simulations were carried out for each condition (with L = 50 mm, IDtube = 10 mm, d = 1.588 mm, ρl = 1.0 g cm−3, ρp = 0.9 g cm−3). Rotation rate was
increased from rest to a desired angular velocity with acceleration of 100 rad s−2 (16 revs s−2).

100 rpm s−1)—under these circumstances, strong transient
flows are induced and the particles are disrupted enough to
fully convert to another structure. This behavior is illustrated
in Movie S7 in the Supporting Information, which complements Movie S5 and illustrates the transition from C1 to D2d
structures upon an abrupt increase of ω. In contrast, when
the changes in ω are slow (up to ≈10 rpm s−1), the transient
flows at any instant of time are weak and the structure remains
trapped/jammed (Movie S8, Supporting Information). In other
words, the system can exhibit bistability in the sense that two
different types of assemblies can be prepared at the same value
of ω depending on how this state was reached (again, via rapid
or slow changes in rotational speed).
Second, whereas in experiments and in simulations with the
tube being horizontal there is no preference for the chirality of
the helical structures that form (cf. Supplementary Section S1),
such chiral selection is observed when the tube is inclined.
Under such conditions, the beads first localize near the side
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wall pointing upward (inset images in Figure 4c) and then,
when the tube starts rotating, experience friction with respect
to this rotating wall and ultimately form helices of preferred
handedness (main images in Figure 4c, also Movie S9 and S10,
Supporting Information). For a given direction of rotation, this
chirality depends on which end of the tube is raised upward
and the enantiomeric excess—determined based on 100 independent experiments for each configuration—can be as high
as 80% (Figure 4d). The chiral selection is also reproduced in
simulations (Movie S11, Supporting Information).
Having characterized the monocomponent packing, we
turned our attention to those comprising two different types of
particles–such tubular structures have not been previously considered theoretically or observed experimentally. In these experiments, we used polypropylene (ρ = 0.9 g cm−3) and polyamide
(ρ = 1.13 g cm−3) beads with diameters d = 1.588, 2, 2.381, or
3.175 mm and added cesium bromide to the agarose solution to
increase the density to ρ ≈ 1.2 g cm−3. Importantly, when in a
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Figure 4. Phase transitions between different structures and chiral selection. a) Two experimental images for structural transition from D2d to C1
(at n/n0 = 2.4) and from C1 to D3d (at n/n0 = 3.2) structures (see also Movie S5 and S6 in the Supporting Information). In both cases, rotation
rate was abruptly decreased from ≈4000 to ≈1500 rpm so that the beads experienced a “compressing” force along the tube’s length. b) Transient
flow of the fluid developed upon rapid deceleration of tube’s rotation. The flow was calculated in Comsol 5.1[30] by decreasing the rotation rate
from 3000 rpm (t = 0 s) to 1500 rpm (t = 1 s; shown). The blue lines trace the streamlines and the red arrows are velocity vectors. The curved
pink arrows are qualitative and illustrate the overall nature of the flow. c) Formation of left-handed (upper) and right-handed (lower) helices in
inclined rotating tubes. Here, the tube’s axis is oriented by 8° with respect to gravity, and the rotation rate is increased from 0 to 2500 rpm. See
also Movie S9 and S10 in the Supporting Information for experiment and Movie S11 in the Supporting Information for simulations. d) Statistics
of handedness of helices formed in each of the two orientations from (c). The proportions are estimated by analyzing 100 independent experiments for each condition.

rotating fluid, the lighter beads localized to the axis of rotation
preferentially (Movie S12, Supporting Information). In most
experiments, the number of lighter beads was relatively small
such that they could all fit onto the axis of rotation. The denser
beads then packed as a “shell” around this “core”. Various twocomponent structures assembled in this manner are shown in
Figure 5a–f. When the spheres at the core are larger than those
in the shell, assemblies of six-fold rotational symmetries are
observed at size ratios of dshell/dcore ≈ 0.50 (Figure 5a) and 0.67
(Figure 5b); in the former case, each core sphere has 18 neighbors, in the latter, it has 12 neighbors. When dshell/dcore > ≈1,
structures of four-fold and five-fold symmetries assemble at
size ratios of 1.26 (Figure 5c) and 1.50 (Figure 5d). On the other
hand, the spheres of equal sizes can form two polymorphs
shown in Figure 5e,f, both of which have one core sphere
and six shell spheres in a unit cell (the difference in packing
is further illustrated in schematic figure insets). We note that
in all of the above examples, achieving highly organized structures is crucially dependent on increasing ω slowly, at rate of
≈10 rad s−2; if the rotational rate is increased abruptly, some of
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the denser spheres can block the approach of the lighter ones
to the axis of rotation and the assemblies are disordered. Also,
good quality structures are formed by spheres of size ratios
(dsmall/dlarge) down to ≈0.5. When this size ratio is lower, the
small spheres simply enter the interstitial sites between the
larger spheres and become jammed therein. We note that simulations based on the same methodology as described before
reproduce the formation of all of the experimentally observed
structures (Figure 5g,l) although regular packing near the
tube’s side walls is harder to achieve.
The experimental system described above can be extended
to the assembly away from the axis of rotation. In particular,
when immiscible liquids of different densities are rotated,
they can form multilayer structures with concentric interfaces
providing loci for the assembly of particles of different densities. The simplest, two-component system of this kind is
shown in Figure 6a and comprises immiscible cesium bromide
(ρ1 = 1.07 g cm−3, transparent, with 0.4 wt% Tween 80 surfactant) and oleic acid (ρ2 = 0.887 g cm−3 < ρ1, colored pink with
oil red EGN dye) fluids. As in the classical spinning-droplet
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Figure 5. Multicomponent tubular packing. a–f) Cartoons below the experimental images illustrate the packing. The assemblies shown are for
different ratios of particle sizes (dshell/dcore) and particle numbers (ncore: nshell): a) 0.50 and 1:18, b) 0.67 and 1:12, c) 1.26 and 1:5, d) 1.50 and 1:4,
e,f) 1 and 1:6. Point groups for each structure are also given. In the cartoon insets to (e) and (f), some shell spheres are colored in dark-gray and orange
to illustrate how these particles are “interchanged” in the two polymorphs. The images in g–l) are structures reproduced in simulations (ω = 3000 rpm,
Ltube = 75 mm, dtube = 10 mm, ρl = 1.16 g cm−3, dparticle = 1.588–3.175 mm, ρlight−particle = 0.9 g cm−3, ρdense−particle = 1.13 g cm−3).

tensiometer,[31] the lighter liquid is stretched and ultimately
forms a cylinder along the axis of rotation (see Movie S13 in
the Supporting Information). When 1 mm particles (green)
with intermediate density ρ2 < ρcoll = 1.021 g cm−3 < ρ1 are
present, they are pushed onto and organize at the cylindrical
interface between the two fluids (Movie S14, Supporting
Information). Figure 6b and Movie S15 (Supporting Information) show a more complex variant comprising three immiscible, rotating fluids–fluorinated liquid FC-40 (from 3 m,
ρ1 = 1.855 g cm−3, transparent), water with 0.4 wt% Tween 80
surfactant (ρ2 ≈ 1.0 g cm−3 < ρ1, colored orange with methyl
orange), and oleic acid (ρ3 = 0.887 g cm−3 < ρ2, colored blue
with Sudan blue II). When two types of particles of appropriately chosen densities are present, they separate and organize
onto the two fluid–fluid interfaces–in Figure 6b, blue, 710 µm
particles of density ρ2 < ρcoll = 1.13 g cm−3 < ρ1 localize onto
the outer cylindrical surface, while the white, 1 mm particles
of density ρ3 < ρcoll = 0.96 g cm−3 < ρ2 localize onto the inner
cylindrical surface (outlined by dashed red lines in the left part
of the image; see also Movie S16, Supporting Information).
Last but not least, the “fluidic force fields” within rotating
fluids can be used to control organization of deformable objects
such as bubbles. Figure 6c has three snapshots illustrating
the evolution of large air bubbles in poly(dimethylsiloxane)
(PDMS). As the rotation rate is gradually increased from
0 to 5000 rpm over 300 s, the bubbles evolve from spherical
to almost cylindrical. In the bottom picture, the boundaries
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between the bubbles are quite thin (<100 µm) and, interestingly, all disappear simultaneously when rotational speed is further increased (see Movie S17 in the Supporting Information,
1:54–1:55 s). Another sequence of snapshots, for smaller bubbles, is illustrated in Figure 6d (and also Movie S18, Supporting
Information). Initially, there is a radial gradient of bubble sizes.
Subsequently, the bubbles grow in size and assemble into cylindrical structures with at least some local helical ordering (in the
bottom image, in region enclosed by yellow dashed lines).
These and other bubble assemblies we prepared can be solidified suggesting possible uses as lightweight materials with
mechanical properties deriving from the particular distribution
of bubbles of different sizes.
In summary, we have described an experimental system in
which a denser fluid imposes a confining, cylindrically symmetric harmonic potential on lighter objects and thus drives
formation of ordered, tubular structures near the axis of
rotation or at concentric liquid–liquid interfaces. The main
virtue of this system is that the strength of confinement can
be adjusted by the fluid’s rate of rotation. In addition, lateral
forces along the axis of rotation can be controlled by accelerating/decelerating the fluid, and we hypothesize that these
forces can be further tuned by using tubes with nonuniform
cross sections. We surmise that this modality of rotational
self-assembly can prove useful in preparing composites (e.g.,
particles, bubbles, or maybe even cells in curable polymers
or in gels) supporting radial gradients of composition and
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Figure 6. Extensions to the assembly on concentric interfaces and in ensembles of bubbles. a) Top: two immiscible fluids (cesium bromide solution with
0.4 wt% Tween 80 surfactant, transparent; oleic acid, pink) rotating at ω = 3000 rpm. Bottom: 1 mm particles (green) with intermediate density organize
at the cylindrical interface between these two fluids (ω = 1800 rpm). b) An analogous system made of three immiscible fluids: fluorinated liquid FC-40
(transparent), water with 0.4 wt% Tween 80 surfactant (orange), and oleic acid (blue). Top: fluids rotating at 1400 rpm organize into concentric cylinders.
Bottom: two types of particles separate and organize onto the two fluid–fluid interfaces at ω = 4000 rpm. c) Three snapshots illustrating the evolution of
large air bubbles in PDMS. d) A similar sequence of snapshots of air bubbles in PDMS—the difference with (c) is that the bubbles are initially much smaller.

translating into a range of mechanical or optical properties of
such fibrous structures.
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