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The cellular milieu is teeming with biochemical nano-machines whose activity is a strong
source of correlated non-thermal ﬂuctuations termed active noise. Essential elements of this
circuitry are enzymes, catalysts that speed up the rate of metabolic reactions by orders of
magnitude, thereby making life possible. Here, we examine the possibility that active noise in
the cell, or in vitro, affects enzymatic catalytic rate by accelerating or decelerating the
crossing rate of energy barriers during the reaction. Considering hydrodynamic perturbations
induced by biochemical activity as a source of active noise, we evaluate their impact on the
enzymatic cycle using a combination of analytic and numerical methods. Our estimates show
that the fast component of the active noise spectrum may signiﬁcantly enhance the turnover rate of enzymes, while reactions remain practically unaffected by the slow noise
spectrum. Revisiting the physics of barrier crossing under the inﬂuence of active hydrodynamic ﬂuctuations suggests that the biochemical activity of macromolecules such as
enzymes is coupled to active noise. Thus, we propose that enzymatic catalysis is a collective,
many-body process in which enzymes may affect each other’s activity via long-range
hydrodynamic interaction, with potential impact on biochemical networks in living and artiﬁcial systems alike.
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he idea that enzymes achieve their phenomenal catalytic
capacity by stabilizing an activated transition state was
introduced by Haldane1 and developed by Pauling2 who
lucidly stated this postulate3: “…that the enzyme has a conﬁguration complementary to the activated complex, and accordingly
has the strongest power of attraction for the activated complex,
means that the activation energy for the reaction is less in the
presence of the enzyme than in its absence, and accordingly that
the reaction would be speeded up by the enzyme.” Electrostatic
effects, chieﬂy the formation of a preorganized polar network,
were recognized as pivotal in stabilizing the transition state4,5. In
this extremely fruitful view of enzymatic catalysis, the activated
complex is jolted past the transition state’s energy barrier by
thermal agitation6–8. The cell, however, is bustling with activity
that generates signiﬁcant athermal agitation9–13, provoking the
main question asked in this paper: how may athermal active noise
affect enzymatic catalysis?
During their catalytic cycle, many enzymes undergo conformational changes, for example to enable substrate binding and
product release14–26. Such internal motions and rearrangements
are part of essential mechanisms, particularly induced ﬁt27,
conformational selection28,29, allostery30–34, and conformational
proofreading35–37. The coexistence of multiple conformational
states38 may assist evolution to explore new functions39. Motor
proteins operate by converting chemical energy into conformational changes and motion40–42, and recent studies suggest that
similar coupling underlies the boosted diffusion observed in the
active enzymes43–47. Linkage between intrinsic motion and catalysis was reported in adenylate kinase (ADK)48–52, dihydrofolate
reductase (DHFR)53–59, and other enzymes56,60,61—though the
existence, extent, and physical nature of this linkage remain open
questions20,21,62. All this invokes a notion of enzymes as stochastic molecular machines whose chemical performance and
evolution are linked to their internal mechanics26,56,63–68.
For their nanometric size, these machines are subject to violent,
thermal and athermal, agitations by the ﬂuctuating environment:
Thermal white noise originates from memoryless equilibrium
ﬂuctuations. Athermal colored noise is generated by a variety of
temporally-correlated active sources, such as molecular motors
and cytoskeleton rearrangement9,11,13,69–71, and the dynamics of
other cellular machinery, including enzymes43–47. This work lays
out a simple model in order to investigate how these thermal and
athermal ﬂuctuations, in vivo or in vitro, might affect the catalytic
reaction rate. From a coarse-grained perspective, we treat
enzymes as stochastic force dipoles68,72–75, whose internal motion
represents conformational changes of the enzyme during the
catalytic cycle.
Transition-state theory treats chemical reactions as thermal
diffusion processes in energy landscapes whose coordinates capture the chemical transformation. Within this physical picture,
thermal agitation drives the system from the initial stable state of
reactants to the ﬁnal stable state of the products along a stochastic
pathway, crossing the energy barrier at a saddle point—a metastable transition state that governs the reaction rate76–80.
Here, we extend the classical, thermally-induced transitionstate theory into an actively-induced transition state theory, which
accounts for the impact of correlated noise generated by hydrodynamic ﬂuctuations. The framework we developed allowed us to
compute the reaction rate, relative to a purely thermallyﬂuctuating enzyme, as a function of the active noise strength
and its correlation timescale. Within a biologically relevant
parameter range typical to enzymes, we ﬁnd two potential effects
of active noise: Strong active noise with long correlation time
(relative to the thermal turnover rate) hinders enzymatic activity,
but not signiﬁcantly. In contrast, active ﬂuctuations of any
strength with short to intermediate correlation times enhance the
2

catalytic rate compared to a thermally-activated enzyme. Under
the coaction of thermal and active forces, in a biologically relevant
regime, we ﬁnd a potential increase of up to 200% in the turnover
rate of enzymes. The present method is general and can be
applied to other physical and biological processes that can be cast
as an effective multi-state system with noisy memory, for example, unzipping of DNA and RNA hairpins81–85 or solutions of
organic catalysts86.
Results and discussion
Hydrodynamic ﬂuctuations as active noise. An enzyme in a
cellular environment continually experiences correlated stochastic
forces, as a collective effect of diverse ﬂow-generating mechanisms, which we model as sources of athermal active noise. To
estimate these stochastic forces, we approximate the active noise
sources as an ensemble of force dipoles. This is a valid long-range
approximation as force dipoles induce the leading term in the farﬁeld expansion of momentum-conserving hydrodynamic
perturbations87,88. Each force dipole is represented as two equal
masses connected by a spring of rest length ℓ. The cellular
background is treated as a random ensemble of average concentration c0 of such force dipoles whose moments {mi} are
randomly distributed at positions {Ri} with randomly isotropic
orientations {ei}.
As the typical inertial timescale (~1 ps) is much shorter than
the characteristic timescale of an enzyme (>1 μs), the background
ﬂow is overdamped. It is therefore convenient to treat this linear
Stokesian ﬂow in terms of its Green function, the mobility tensor
G. A dipole m made of a pair of opposing point forces will
therefore generate a ﬂow ﬁeld v(r) proportional to the gradient of
the Green function, vðrÞ ¼ ∇Gðr; r0 Þ mðr0 Þ, where r0 is the position
of the source dipole. A target dipole (i.e., an enzyme) of length ℓ0
subjected to this ﬂow will experience an internal stress (tension or
compression) proportional to the velocity gradient along its axis.
This dipole–dipole force FH will therefore be proportional to the
second derivatives of the mobility, F H  ηw‘0 ∇v  ηw‘0 m∇∇G,
where w is the hydrodynamic diameter of the dipole’s beads and η
the viscosity (see “Methods” for a detailed derivation). As
biological ﬂows are typically of low Reynolds number, G can be
approximated as the Oseen’s tensor which scales G  1=ðηrÞ,
where r is dipole–dipole separation. Then, F H  η‘20 m∇∇G 
‘20 mr3 (taking w ~ ℓ0).
Since the force dipoles are randomly positioned and oriented,
ensemble or time-averaging

 forbids the accumulation of net mean
dipole moment, mi ðtÞ ¼ 0. Thus, the average
 net
 ﬂow and
induced internal forces also vanish, h∇vi  F H ¼ 0. What
survives averaging are of course the ﬂuctuations
experienced by

the target dipole (the enzyme), ð∇vÞ2  hF 2H i≠0. Summed over
the random ensemble, the force ﬂuctuations scale as
Z 1
 2
 
F H  c0 m2 ‘40
r 6 d3 r
ð1Þ
‘0
 2
 2
3
 c0 ‘0 m  R ‘0 m ;
1=3

where R  c0
is the average dipole–dipole separation. The
exact expression, derived in “Methods”, includes a geometric
factor of order unity. Equation (1) preserves the long-range
nature of hydrodynamic ﬂuctuations which decay as c0  R3 .
For typical concentrations of active sources, such as enzymes or
motors, ranging between c0 ~ 1 μM–1 mM, R  10  100 nm.
The
 2  dipole 2moment ﬂuctuation can be approximated as
m  ðF ‘Þ , where ℓ the size of the active elements and F is
the net force they generate during their turnover cycle. For values
typical to motor proteins, F  1 pN and ℓ ~ 5 nm13,41,89, the
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dipole ﬂuctuations would be m2 
 12 ðk
 B TÞ . We shall use the
value of hydrodynamic ﬂuctuation F H as the strength of the
active noise.
The sources of active noise in the cell have widely varied
correlation timescales, and are interdependent components of an
intertwined biochemical circuitry. However, the timescales of the
network’s collective dynamics are much longer than the
correlation time of a single source. As suggested by recent
experimental measurements9–11,13,90, the sources might be
assumed as independent stochastic processes with intermittent
bursts of activity, each with its own auto-correlation statistics.
Thus, we consider the background ﬂow as an active noise ζA(t)
with a characteristic correlation time τA realized as:



  
ð2Þ
ζ A ðtÞζ A ðt 0 Þ ¼ F 2H exp jt  t 0 j=τ A :
Such activity maintains a certain type of ﬂuctuation-dissipation
relation, as observed in cells11,70,90, where injection (extraction)
of an energy A into (from) the system is compensated
  by the
correlation time such that the noise strength, F 2H ¼ A=τ A
remains constant. With these considerations, we now proceed to
derive the reaction rate theory in the presence of such
active noise.
Reaction in the presence of hydrodynamic ﬂuctuations. We
start by writing down the dynamical equation for a reaction
occurring in an energy landscape under the inﬂuence of a noise
ζT(t) of thermal origin, and an active noise ζA(t) resulting from
the long-range correlated hydrodynamic ﬂuctuations,
γq_ ¼ FðqÞ þ ζ T ðtÞ þ ζ A ðtÞ :

ð3Þ

The ﬁrst term on the right-hand side of Eq. (3) is a
conservative force, F(q) = − ∂qU(q), exerted by the potential
made
U(q) = − (a/2)q2 + (b/4)q4. The reaction potential U(q) isp
ﬃﬃﬃﬃﬃﬃﬃﬃ
of two wells that are positioned symmetrically at q0 ¼ ± a=b,
separated by an energy barrier EB = a2/(4b) at q = 0. a, b > 0 are
phenomenological constants. Physically, a would represent the
stiffness of a protein, roughly the spring constant of the force
dipole and b stands for the strength of the simplest possible
anharmonicity that yields an activation barrier EB. The internal
friction of the landscape γ sets the intrinsic timescale τ0 = γ/a.
Note that Eq. (3) merely assumes that the catalytic cycle is
amenable to stochastic active noise, as it is to thermal noise, but
requires no coupling of reaction and conformational coordinates.
The thermal force ζT(t) is drawn randomly from temporally
uncorrelated white noise, hζ T ðtÞζ T ðt 0 Þi ¼ 2γkB Tδðt  t 0 Þ with the
noise strength ﬁxed by the temperature T, where kB is the
Boltzmann constant. Unlike the thermal noise, the active noise
ζA(t) is temporally correlated (Eq. (2)), which we ensure by
modeling it with an Ornstein-Uhlenbeck type evolution
dynamics91:
pﬃﬃﬃﬃﬃﬃﬃ
ð4Þ
τ ζ_ ¼ ζ þ 2A ξ ðtÞ ;
A A

A

∂q F ¼ ∂2q U. Thus, when τA > τ0, the effective friction Γ(q) turns
negative close to the energy barrier92–95. The negative friction
region—where the motion is accelerated past the barrier—grows
with τA, until it stretches
pﬃﬃﬃ between the two inﬂection points of the
potential, jqj ≤ q0 = 3, for τA ≫ τ0. The maximal force,
pﬃﬃﬃ 3
F max ¼ ð2= 3Þ ðEB =q0 Þ, would be experienced at these inﬂection
points. In the long-memory regime, τA ≫ τ0, any force F ≥ F max , is
likely to push the reaction to the other potential well by crossing
into the negative friction region. Thus, F max sets an effective force
barrier, similar to the energy barrier EB in the short-memory
regime. As this phenomenology evidently affects the reaction rate,
we ﬁrst investigate its asymptotic limits.
To this end, we turn the Langevin equation (Eq. (5)) into the
corresponding Fokker-Plank equation for the probability distribution P(q, v, t), where v ¼ q_ is the velocity:
∂P
∂P FðqÞ ∂P A ∂2 P ΓðqÞ ∂
þ
þv
þ
¼
ðvPÞ:
∂t
∂q γτ A ∂v τ 2A ∂v2 γτ A ∂v

ð6Þ

For an active
 noise with long correlation time, τA ≫ τ0 and
strength F 2H  F 2max ,


 1
1 2  2
ð7Þ
κslow ’ 2τ A
exp  F max = F H :
2
This behavior is speciﬁc to the active noise realization which
relies on F max and is markedly different from purely thermal
reaction rate which depends on EB. The relevance of F max in the
long-memory regime (τA ≫ τ0) has been noted in a few recent
studies96–98 which did not consider hydrodynamic coupling. For
the case of short memory, τA ≪ τ0 and A  γEB , the active noise
merely scales the energy barrier and the reaction rate follows the
well-known thermal behavior,
1
pﬃﬃﬃ
ð8Þ
2πτ 0
exp γEB =A :
κfast ’
We note that while κfast grows with A, i.e., with τA for a ﬁxed
noise strength, κslow decays monotonically with τA, suggesting an
intermediate timescale where κ is optimal. Numerical simulations
of the reaction dynamics for pure active noise conﬁrm this
behavior (Fig. 1).
It is important to realize that these semi-analytic Eqs. (7) and
(8) are only valid at the asymptotic limits of the purely active case.
For the case of enzymes, the thermal ﬂuctuations can compete
with or even dominate the active forces, and are thus no longer
negligible. Also, both conditions are impractical for enzymatic
solutions, as the relevant correlation time is typically distributed

W

where ξW(t) is a standard white noise process. Our main objective
is to study the effect of active noise ζA (with thermal noise ζT in
the background) on the reaction rate, κ = 1/(2τMFP), where τMFP
is the mean ﬁrst passage time needed to cross the energy barrier.
To gain some intuition, we examine the asymptotic case of
negligible thermal noise. Then, Eqs. (3) and (4), can be recast as
an underdamped Langevin equation,
pﬃﬃﬃﬃﬃﬃﬃ
 
ð5Þ
γτ A €q ¼ ΓðqÞ q_ þ FðqÞ þ 2A ξ W ðtÞ ;
with the effective friction coefﬁcient Γ(q) ≡ γ − τA ∂qF(q). An
additional feature of this nonlinear dynamical equation is that the
evolution of reaction depends, besides on the force F(q) itself, also
on its gradient, that is the curvature of the potential,

Fig. 1 Variation of reaction rate with noise correlation time. Data points
show the reaction rate κ, for the noise of strength σA = 0.5, for the case of
pure active noise. κ follows the asymptotic limits κslow (Eq. (7), dashed
curve) and κfast, (Eq. (8), solid curve).
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Fig. 2 Effect of active noise p
onﬃﬃﬃﬃﬃﬃ
the statistics of reaction dynamics. Panels a–d and e–h represent the results for energy barriers, EB = 2kBT (i.e., σT = 0.5)
and EB = 10kBT (i.e., σ T ¼ 1= 20), respectively. a, e The probability density P(q) in the reaction energy landscape. A purely thermal case (Active noise
strength, σA = 0) is shown for reference. b, f The most probable position in the reaction landscape qmax is monotonically pushed away from the barrier, as
compared to a purely thermal system whose maximum is at q = q0 (dashed line). c, g However, the maximal probability Pmax exhibits a non-monotonic
dependence on τA. For very small τA, Pmax is lower than its expected thermal value (dashed line), and continues to decrease till τA ~ 1, 50 for EB = 2, 10kBT,
respectively, and then turns to increase and eventually becomes larger than the thermal value. d, h Similar non-monotonic behavior of the effective reaction
c eff
energy barrier E eff
B , computed from the distribution P(q). Note that, for τA > τ , E B is larger than the purely thermal case (dashed line).

within a wide bandwidth, much beyond these asymptotic limits.
Therefore, as these regimes cannot be accessed analytically, we
now move on to solve Eqs. (3) and (4) numerically to investigate
the effect of both active and thermal noise on the reaction rate.
We measure the simulation time and length in units of τ0 and q0,
respectively. Thermal and active ﬂuctuations are also
by
 scaled

the relevant force scale as: σ 2T ¼ kB T=ð2EB Þ, σ 2A ¼ F 2H =ð4aEB Þ
(see “Methods” for details). In the next section, we present
behavior of κ in the {σA, τA} plane spanning over orders of
magnitude. Speciﬁcally, for each point in the {σA, τA} plane, we
generate 105 independent reaction trajectories starting from an
initial position chosen randomly around q0 and evolve the
trajectories till it crosses q = 0 where the energy barrier is
maximum. The reaction rate κ is then computed as the inverse of
the mean time taken by trajectories to cross the barrier. Though
this criterion of choosing a crossing point is not unique, the other
choices of crossing points right to q = 0, i.e., allowing barrier
recrossing, only result in insigniﬁcant changes in the absolute
values of the mean ﬁrst passage times. The results presented
below are thus not dependent on such choices.
Enhancement of reaction rate by active noise. Active noise
changes the magnitude of the overall force that a reaction
experiences in a given reaction energy landscape. It also changes
the persistence of the force direction by introducing a correlation
timescale that is absent in purely thermal agitation. As a result of
this combined effect, the reaction rate κ is expected to change. To
investigate, we consider a case where thermal and active noises
have equal strength: σA = σT = 0.5, and plot P(q), the probability
distribution of the reaction trajectories in the reaction landscape,
for different values of τA along with the purely thermal case
4

(Fig. 2a). Note that the probability of forming reactant-substrate
activated complex, P(q = 0), is larger than the thermal case for
τA ~ τ0 but becomes smaller for τA = 10τ0. Following the position
of the most probable value qmax as a function of increasing τA, we
ﬁnd that qmax gradually moves outwards from its thermal equilibrium position qmax ¼ q0 (Fig. 2b). The movement is more
rapid over an intermediate range of τA while for small τA, qmax
mostly stays close to q0 and at large τA, it somewhat settles at a
certain value of q. However, the maximum value of the probability Pmax drops below its thermal value even when an active
noise with a tiny correlation is introduced (Fig. 2c). Pmax continues to decrease for τA ~ τ0. As the correlation time of the active
noise grows longer than the thermal crossing time, the memory of
active noise starts to affect the reaction adversely. The reaction
trajectories now stay away from the barrier for a longer time
causing Pmax to increase. Eventually, Pmax becomes larger than its
pure thermal counterpart for active noise with τA ≳ 10 τ0.
The variation of Pmax indicates that the active noise affects the
reaction by effectively modifying the energy barrier. To conﬁrm
this, we construct an effective potential from the probability
distribution as: VðqÞ ¼  ln½PðqÞ=Pð0Þ, and compare the effective barrier Eeff
B  Vð0Þ  Vðqmax Þ with the thermal barrier. A
decrease in Eeff
B ð<E B Þ is clearly observed for small and
intermediate τA (Fig. 2d), where enhancement of κ is naturally
expected. While Eeff
B traces the same non-monotonic behavior of
Pmax , it helps us to identify a crossover timescale τc above which
Eeff
B >E B , and the reaction becomes even slower than a pure
thermal case. Thus, τc provides us a natural threshold to discern
between fast (τA < τc) and slow (τA > τc) active noise, i.e., the
background hydrodynamic ﬂuctuations. Similar patterns are
observed for a larger activation barrier, EB = 10kBT, with the
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Fig. 3 Non-monotonic enhancement of reaction rate in the presence of active noise. a The effect of active noise strength σA on reaction rate κ for a
energy barrier EB = 2kBT. The variation of κ relative to thermal reaction rate κT for different values of σA is plotted as a function of τA scaled by τc, where τc
is the time above which the reaction rate is slower than the thermal rate. The inset shows the dependence of τc on σA. For each value of σA, the maximum
reaction rate κ* is pointed by an asterisk. b Distribution of ﬁrst passage time P(τFP), exponential for small τA, starts to grow a prominent power-law tail with
increasing τA indicating departure from equilibrium. c The maximal rate κ* (stars) is never less than κT (dashed line) and increases monotonically with the
active noise σA. Also shown are the rates in a purely active system (crosses). d The optimal correlation time τ A associated with the maximal rate κ* (stars)
shows a monotonic decrease with noise strength σA. Also shown is the purely active case (crosses). The numerical ﬁts in (c) and (d) (black and red lines)
are empirical functions described in the legends.
c
5
lowest Eeff
B at τA ≈ 50τ0 and crossover at τ ≈ 10 τ0 (Fig. 2e–g),
thereby conﬁrming that the non-monotonic enhancement of the
reaction by active ﬂuctuations is a general hallmark.
Next, we examine the effect of the active noise strength σA on
the reaction rate κ. We ﬁnd that σA enhances the effect of τA on κ
as we plot it relative to the thermal reaction rate κT as a function
of the scaled correlation time τA/τc (Fig. 3a). Evidently, κ becomes
faster against the fast background and slower against the slow
background. Note that τc increases with σA (Fig. 3a Inset),
demonstrating that larger σA allows a longer window of τA for
reaction rate enhancement.
Most importantly, it is possible to ﬁnd an optimal correlation time
τ A for which the enhancement of reaction rate is maximum. This
maximum reaction rate κ* is denoted by an asterisk for each σA value
in Fig. 3a. Notice that the enhancement of κ is possible for even a tiny
value of σA (Fig. 3c), but that would require a relatively larger optimal
correlation time τ A (Fig. 3d). Still, τ A is smaller than τc by at least one
order-of-magnitude, as rate enhancement can only occur in the
presence of a fast hydrodynamic background. More enhancement is
observed with increasing σA as κ* grows in a scale-free fashion with
σA > 1. Correspondingly, τ A decreases in a similar fashion. As an
aside, we mention that similar behavior is also expected when the
active noise is much stronger than the thermal one and solely dictates
the reaction. In this case, κ* would decrease exponentially for small
σA < 1, markedly different than the more realistic scenario of
enzymatic catalysis governed by both thermal and active noise.
The non-monotonic behavior of κ (Fig. 3a) is the outcome of the
interplay of two competing effects. First, the reaction dynamics

change as ﬂuctuations cross over from a fast to an adiabatic regime.
To understand this effect, note that reaction dynamics in the
presence of active noise can be considered as motion within a
ﬂuctuating reaction energy landscape, Ueff(q, t) = U(q) − qζA(t), with
a ﬂuctuating effective energy barrier Eeff
B ðtÞ ’ EB þ q0 ζ A ðtÞ (akin to
Bell’s law99). The persistence of the ﬂuctuations is controlled by
correlation time τA. When the ﬂuctuations of the landscape are much
faster than the enzymatic timescale, τA ≪ τ0, the enzyme experiences
an average effective barrier, hEeff
B i ¼ EB , and the resulting rate is
κ  expðhEeff
iÞ
¼
expðE
Þ

κT , i.e., close to the thermal rate.
B
B
But when the ﬂuctuations become more persistent, they approach an
adiabatic regime, τ0 < τA < 1/κT, where each crossing event occurs in
a practically static potential and effective barrier. In this regime, the
average rate will be the average over the static potentials,
eff
κ  hexpðEeff
B Þi ≥ expðhE B iÞ, which is always larger than the
rate in the fast regime, thus explaining the increasing part of the
curve. This follows
 the convexity
of the logarithmeff (Jensen’s


from
eff
inequality) Eeff
Þ
≤ log expðEB Þ . The
¼
log
expðE
B
B
second effect occurs in the large correlation limit, when κ is
controlled by the maximum force, F max rather than the activation
barrier. Then, the reaction rate κ exhibits an inverse dependence on
τA (Eq. (7)), due to slowing down by the increasing effective friction,
Γ(q) ~ τA in Eq. (5).
Interpolating these two limits, one expects an optimal
correlation time, where the reaction rate attains a maximum as
indeed shown in the simulations. These observations agree with
the computed distribution of ﬁrst passage time, P(τFP), the time
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taken to cross the reaction barrier (Fig. 3b). The P(τFP)
distribution follows a non-monotonic dependence similar to that
of τMFP. For τA ~ τ0, the P(τFP) shifts to shorter τFP values
compared to the thermal regime (τA ≪ τ0), resulting in increasing
reaction rate. On the other hand, for τA ≫ τ0, the distribution
shifts toward the longer ﬁrst passage times, indicating slowing
down compared to the thermal rate κT. P(τFP) crosses over from
exponential scaling in the fast regime to power-law behavior in
the slow regime, signaling a transition from equilibrium to
nonequilibrium behavior.

The case of enzymes. Finally, we examine enzymatic catalysis in
the presence of an actively ﬂuctuating hydrodynamic background.
During catalysis, structural and energetic transitions in the
enzyme occur in multiple steps: typically, starting from the closure of a speciﬁc domain upon substrate binding, followed by the
chemical step consisting of the chemical reaction and product
release, and re-opening of the binding domain. Such a multi-step
sequence has been observed, for example, in adenylate kinase
(ADK) in which re-opening of the bounded domain is identiﬁed
as the rate-limiting step48,49.
To assess the effect of active hydrodynamic ﬂuctuations on
catalytic cycles, we evaluate the change in reaction rate as a
function of the relevant active noise
parameters,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ {σA, τA}. The
scaled active noise strength, σ A ¼ hF 2H i=ð4aEB Þ, depends on the
reaction energy barrier EB, enzyme stiffness a, and the density of
the background through hF 2H i as in Eq. (1). Catalytic reaction
energy barriers are measured to typically lie within a range of
EB = 4 − 30 kBT7,100 and the typical stiffness of enzymes is
reported to vary within a range a = 0.1−1.0 pN/nm101–104. In
Fig. 4, we have charted out the variation of σA over a wide range
of backgrounds with density ranging between 10 and 1000 μM as
a function of EB for two limiting values of a.
Now we compute the reaction rate for our test enzyme over a
range of σA and τA for three different energy barriers, EB = 6 kBT
(Fig. 5a), EB = 10 kBT (Fig. 5b), and EB = 15 kBT (Fig. 5c). A red
dashed line is drawn to mark the boundary between the fast
background (on the left) and slow background (on the right).
Within the fast regime, we always ﬁnd an enhancement over the
thermal reaction rate, κ/κT > 1. As a crowded solution of dipoles
would correspond to a concentration, ð1=‘30 Þ ’ 10 mM, we
consider a moderate regime of 30–300 μM. Using the active
force map in Fig. 4, we ﬁnd that an enzyme is expected to
experience a maximal active force, σA ≃ 0.003–0.034 (shown as a
horizontal dashed line in Fig. 5) over the relevant energy scale,

Fig. 4 Variation of scaled active force strength as a function of source
dipole concentration and activation barrier. Panels a and b correspond to
the protein stiffness values a = 0.1 and 1.0 pN/ nm, respectively. Solid
curves are constant force contours, and the dashed lines denote the
concentration range, 30–300 μM, which can be accessible in the
experiments.
6

EB = 6–15 kBT. At this limit, we see a maximum enhancement of
20% for EB = 6 kBT (κ/κT ≃ 1.2), of 50% for EB = 10 kBT
(κ/κT ≃ 1.5), and of 80% for EB = 15 kBT (κ/κT ≃ 1.8) (Fig. 5).
Note that as EB increases, the barrier crossing events become
exponentially rare. Thus, accessing the relevant range of σA
becomes very expensive computationally. For example, the
activation barrier for ADK reported to be EB ≈ 25 kBT48,105,106.
Such barrier would correspond to thermal mean ﬁrst passage
time, τMFP = 1.8 × 1011τ0, which is at least four orders of
magnitude longer than the case of EB = 15 kBT, the largest
activation barrier reported above, rendering the simulation too
slow to be practical. Nevertheless, the maximum enhancement in
the reaction rate κ* is well approximated by a linear function of
the activation barrier EB (Fig. 5d). Extrapolating this curve, we
would expect an increase of roughly 140% in the catalytic reaction
rate of ADK at EB ≈ 25 kBT, while the 80% increase observed at
EB ≈ 15 kBT serves as a lower bound.
Conclusion. In summary, we have shown how a ﬂuctuating
hydrodynamic background might affect enzymatic catalysis.
Hydrodynamic ﬂuctuations of various origins are considered as
an outcome of the stochastic oscillations of a random distribution
of force dipoles. Coupled through the ﬂow they generate, these
force dipoles can be collectively realized as a temporallycorrelated athermal noise representing the background activity.
Modeling active noise as an Ornstein-Uhlenbeck process and
numerically solving reaction rate theory, now in presence of both
thermal and active noise, reveals a special correlation time τc,
above which reaction rate start to slow down compared to the
bare thermal rate. τc is of the same order as the inverse of thermal
reaction rate κT (red dashed line in Fig. 5). Further, we ﬁnd that
while a slow background, τc < τA, somewhat slows down the
catalytic activity, a faster background, τA < τc, always enhances
the catalytic reaction rate relative to the purely thermal case. For
example, a physically realizable value of active noise may result in
up to 140% enhancement for the typical example of ADK. We
note that the present model assumes Oseen’s far-ﬁeld approximation for the mobility tensor, and should be modiﬁed for
densely packed sources. Once the hydrodynamic interaction is
corrected to account for near-ﬁeld effects, our dynamical equations can be solved in this limit of intense active force.
The proposed physical scenario and the predicted effect of
active noise on enzymatic catalysis require cautious examination.
As controlling the background is hard in vivo, we propose a
simple in vitro experimental test: Consider a solution consisting
of two enzymes and their respective substrates in an appropriate
buffer. Importantly, the two reactions are chemically orthogonal
to avoid any cross-talk. The “source” enzymes generating the
active noise are relatively dense to allow a strong impact on
the “target” enzymes, which are diluted to avoid confounding
inverse effects. The active noise correlation time depends on the
conformational step of the reaction of the source enzyme. Thus
the correlation time is smaller than the inverse of thermal
. Also, notice that the
reaction rate of source enzyme, τ A <1=κsource
T
crossover time τc remains of the order of the thermal τMFP of the
target
(red dashed line in Fig. 5). Thus,
target enzyme, τ c ’ 1=κT
target
source
κT >κT , implies that the source serves as fast background,
τA < τc, and we expect an enhancement in the reaction rate of
target
<κT , implies a source that
target enzyme. Conversely, κsource
T
serves as a slow background, τA > τc, and is expected to slow
down the rate of the target enzyme. Thus, in general, a separation
of timescales between the target enzyme (τc) and the active noise
(τA) is required to obtain a measurable effect on the reaction rate
of target enzymes.
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Fig. 5 The effect of active noise on the catalytic rate of enzymes. Variation of reaction rate κ, relative to thermal reaction rate κT, as a function of active
noise strength σA and its correlation time τA, for activation barriers, a EB = 6 kBT (κT = 10−3), b EB = 10 kBT (κT = 2 × 10−5), and c EB = 15 kBT
(κT = 1.23 × 10−7). The solid curves represent the constant reaction rate contours with the rate increasing from blue to red contours. The red dashed
contour marks the line where κ = κT, even in the presence of active ﬂuctuations. This line separates the slow (right) and the fast (left) background regimes.
Fast background always promotes enhancement of κ, which can be quite substantial depending on the control parameters. In contrast, slow background
somewhat decelerates the reaction but not as spectacularly as in the fast background regime. For enzymatic solutions of concentration 30−300 μM, σA
varies between 0.003 and 0.034, with a maximum value, denoted by orange dashed line. Within this range, a maximum enhancement of κ up to 20% is
expected for a EB = 6 kBT, up to 50% for b EB = 10 kBT, and 80% for c EB = 15 kBT. d The variation of the maximum enhancement in the reaction rate (red
triangles) as a function of activation barrier EB/kBT. The dashed orange line shows a linear ﬁt, −15 + 6.3 ⋅ EB/kBT, to the data. The rate enhancement at
higher activation barrier can be extrapolated from this linear behavior.

As a consequence, in a solution of only one enzyme, which serves
as both target and source, the enhancement will depend on the
timescale of the conformational motion, which includes the closing
and opening steps of enzyme domains. Generically, one of these
steps is faster than the thermal reaction time τA < 1/κT (which is
determined by another rate-limiting step), and we therefore
anticipate a measurable self-enhancement of enzymatic reaction.
In the same spirit, the present model should be also applicable to
other biologically relevant processes such as unzipping of DNA
hairpins81–83 for which the reported energy84 and timescales85 lie
within the range explored in the current study. We note that the
proposed rate-enhancement mechanism demonstrated here for
enzymatic catalysts46,47 is general and may apply also to smaller
organic catalysts86 where recent experimental evidence indicates
boosted mobility and long-range hydrodynamic interactions.
The exact nature of the mechano-chemical coupling during
the catalytic cycle is an open question, a matter of active debate.
The reaction energy landscape is often very complex and
multidimensional, with numerous possibilities for energy
exchange and conformational changes106–108. Nevertheless, the
overall turnover rate typically depends on the rate-limiting step
of crossing the highest energy barrier. In the vicinity of the
crossing, the landscape is effectively one-dimensional, and the
methodology developed here is therefore applicable to scenarios
where the rate-limiting step is governed by conformational
dynamics. Whether mechanical deformation can also affect the
reaction rate when chemical steps are rate-limiting remains
unclear. Recent evidence suggests that the conformational
motion modulates the electric ﬁeld by altering the position of

the residues in the active site109–111, thus potentially affecting the
chemical step. We plan to extend the present framework to
address such scenarios.
The complex cellular environment is dense in entangled
energetic processes. A fast-growing bacterium consumes energy
at a power of ~108 kBT/s, over a volume of ~1 μm3 89. In the
eukaryotic cell, there are high-activity regions and organelles,
such as mitochondria and chloroplasts, where the proposed
effects might be signiﬁcant. One may speculate that molecular
motors, whose turnover rate is relatively slow40,89, can be
accelerated in the presence of high metabolic activity. To treat
such elaborate scenarios, we plan to further extend the present
bare-bone model to include the causal dependence of reactions in
a network and the spatiotemporal heterogeneity of the embedding
background. We hope the current results would stimulate further
study of the potential effects of an active stochastic environment
on biochemical processes.
Methods
Hydrodynamic forces induced by active processes. We consider a solution of
stochastic force dipoles68,74 representing active processes such as enzymatic catalysis and the motion of molecular motors. In this coarse-grained view, each force
dipole consists of two beads connected by a spring of equilibrium length ℓ0. The
beads represent the domains of the enzyme that move with respect to each other
during the catalysis. Consider a collection of force dipoles {mi} located at positions
{Ri} with random independent orientations {ei} (3D unit vectors). The target
dipole has its two domains (i.e., spheres) located at positions R and R0 ¼ R þ ‘e,
with an orientation e and distance ‘ ¼ jR0  Rj. Following Mikhailov and
Kapral74, we ﬁnd the velocities R_ of the domains—using the mobility tensor Gαβ —
by summing the contributions of the velocity ﬁelds induced by the surrounding

COMMUNICATIONS PHYSICS | (2022)5:101 | https://doi.org/10.1038/s42005-022-00878-3 | www.nature.com/commsphys

7

ARTICLE

COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-022-00878-3

dipoles,
N

R_ α ¼ ∑



∂Gαβ R  Ri
∂Riμ

i



N

R_ 0 α ¼ ∑

∂Gαβ R0  Ri
∂Riμ

i

eiβ eiμ mi ðtÞ ;

ð9Þ


eiβ eiμ mi ðtÞ ;

ð10Þ

where the Greek indices denote x, y, z components of vectors and tensors, and we
follow Einstein’s convention of summation over repeated indices. The mobility
tensor Gαβ is the Green function of the linear Stokes ﬂow, which yields the velocity
ﬁeld resulting from a localized force112. Equation (10) involves spatial derivatives of
G, which are the Taylor expansions around each force dipole.
The time-dependent dipole moment exerted on the target m(t) is m(t) = ℓ(t)
F(t), where ℓ(t) and F(t) are the distance and interaction force between the two
domains. Thus, for a target enzyme of length ℓ(t), the relative velocity δv between
the two domains is given by
δvα

¼

N

R_ 0 α  R_ α ¼ ∑ eiβ eiμ mi ðtÞ
i
h
i
∂Gαβ ðRþ‘ðtÞeRi Þ
∂G ðRR Þ
 αβ∂R i :
∂R
iμ

iμ

Since the linear extension of the enzyme ℓ(t) is much smaller than the
dipole–dipole distances, we can take a far-ﬁeld approximation by expanding the
difference to ﬁrst order in ℓ,


∂2 Gαβ R  Ri
δvα ¼ ‘ðtÞ ∑
eiβ eiμ eν mi ðtÞ :
∂Riμ ∂Rν
i
Therefore, the relative velocity with which the spring connecting the two
domains compresses or stretches is the projection
δv  e ¼ ‘ðtÞ ∑

∂2 Gαβ ðR  Ri Þ
∂Riμ ∂Rν

i

eiβ eiμ eν eα mi ðtÞ :

Applying Stoke’s law, we ﬁnd that the deformation forces acting on the target
dipole is


F H ðR; tÞ ¼ 3πηw ðδv  eÞ ¼ 3πηw‘ðtÞ
ð11Þ
∂2 Gαβ ðRRi Þ
´ ∑ ∂R
eiβ eiμ eν eα mi ðtÞ ;
R
iμ ν

i

where w is the domain size (i.e., its hydrodynamic diameter) and η the viscosity of
the solution. Since enzymes are randomly oriented, then without any loss of
generality, we take the target enzyme oriented along the x-axis, thereby simplifying
Eq. (11) into
F H ðR; tÞ ¼ 3πηw‘ðtÞ ∑
i

∂2 Gxβ ðR  Ri Þ
∂Riμ ∂Rx

eiβ eiμ mi ðtÞ :

ð12Þ

Next, we rewrite Eq. (12) in a ﬁeld-point notation, which will be convenient for
further manipulation,
R
∂2 G ðrÞ
F H ðR; tÞ ¼ 3πηw‘ðtÞ dr ∂r xβ∂r
μ x


´ ∑ eiβ eiμ mi ðtÞ δ r  Ri þ R :
i

The mean force is proportional to the average over the sum of dipole moments,
which vanishes due to the symmetry in the homogeneous isotropic solution74,
〈FH(R, t)〉 ~ 〈mi(t)〉 = 0. However, the second moment—that is the average squared
force the target dipole experiences due to the collective ﬂuctuations of other force
dipoles—does not vanish,




F H ðR; tÞF H ðR; t 0 Þ ¼ ð3πηwÞ2 ‘ðtÞ‘ðt 0 Þ
Z
∂2 Gxβ ðrÞ ∂2 Gxβ0 ðrÞ
´
dr
∂r μ ∂r x ∂r μ0 ∂r x
D
E
´ ∑ eiβ eiμ eiβ0 eiμ0 δðr  Ri þ RÞmi ðtÞmi ðt 0 Þ :
i

Since in a dilute solution, dipole orientations are uncorrelated with their
positions, the last term in the above equation can be simpliﬁed,
D
E
∑ eiβ eiμ eiβ0 eiμ0 δðr  Ri þ RÞmi ðtÞmi ðt 0 Þ
i
D
E

¼ eβ eμ eβ0 eμ0 mðtÞmðt 0 Þ cðR þ rÞ;
where c(r) = ∑iδ(r−Ri) is the concentration of force dipoles in the solution. Thus,
we ﬁnd that the second moment of the force is

2 

hF H ðR; tÞF H ðR; t 0 Þi ¼ 3πηw ‘ðtÞ‘ðt 0 Þ
Z
2
∂ Gxβ ðrÞ ∂2 Gxβ0 ðrÞ
´
dr
cðR þ rÞ
∂r μ ∂r x ∂r μ0 ∂r x
D
E

´ eβ eμ eβ0 eμ0 mðtÞmðt 0 Þ :
8

Assuming a uniform concentration, the variance of this force is
 2
 
2 

F H ðR; tÞ ¼ 3πηw ‘2 ðtÞ hm2 ðtÞic0
Z
E
∂2 Gxβ ðrÞ ∂2 Gxβ0 ðrÞ D
´
dr
eβ eμ eβ0 eμ0 :
∂r μ ∂r x ∂r μ0 ∂r x

ð13Þ

Since dipolar orientation is uncorrelated, the 4-point correlation term
heβ eμ eβ0 eμ0 i vanishes unless there are even powers of the components of the
orientation vector e. We can therefore write the 4-point correlation as a sum over
products of δ-functions,
D
E
h
i
eβ eμ eβ0 eμ0 ¼ Ad δ ββ0 δ μμ0 þ δ βμ δβ0 μ0 þ δβμ0 δβ0 μ ;
where Ad = 1/15 for a 3D system.
To proceed further, we use a far-ﬁeld approximation for Gαβ in terms of the
Oseen tensor87,112, which for a 3D system is
rα rβ i
1 h
δ þ 2 :
Gαβ ðrÞ ¼
ð14Þ
r
8πηr αβ
The Oseen approximation is valid as long as the separation between dipoles is
large compared to their size. Substituting Eq. (14) in Eq. (13) and introducing a
scaled coordinate ξ = r/ℓ0, we ﬁnd
 2

F H ðR; tÞ ¼ 649 Ad h‘2 ðtÞihm2 ðtÞic0 w2 ‘3
0
R 1 ∂2 G ðξÞ ∂2 G 0 ðξÞ
´ 1 dξ ∂ξ xβ∂ξ ∂ξ xβ0 ∂ξ
ð15Þ
μ x
μ
x
´ δ ββ0 δ μμ0 þ δβμ δ β0 μ0 þ δβμ0 δβ0 μ ;
where the scaled Oseen tensor is Gαβ ðξÞ ¼ ξ 1 ð1 þ ξ α ξ β =ξ 2 Þ. Since the second
derivative of the mobility tensor diverges as 1/ξ3 at small distances, we introduce a
cut-off in the lower limit of the integration accounting for the ﬁnite size of the
dipole (i.e., enzyme). The integral in the Eq. (15) is a dimensionless factor, which
depends on the derivatives of Gαβ ðξÞ and the dipole orientations. A straightforward
calculation yields
R 1 ∂2 Gxβ ðξÞ ∂2 Gxβ0 ðξÞ
1 dξ ∂ξ ∂ξ ∂ξ 0 ∂ξ
μ

x

μ

x

´ δββ0 δμμ0 þ δ βμ δβ0 μ0 þ δ βμ0 δ β0 μ ¼ 96π
5 :
Finally, substituting the value of integral in Eq. (15), we ﬁnd the variance of the
hydrodynamic force,

 2 
 2

 3
m
9π w2 h‘2 i
ð16Þ
F H ðR; tÞ ¼
c0 ‘0 :
 2  2
50 ‘0 ‘0
‘20
The dependence of the hydrodynamic force on the inter-dipole distance R
arises from the dipole concentration c0 ¼ 1=R3 . The ﬁrst three terms on the righthand side of Eq. (16) are combined into a geometric factor λ ¼ ð9π=50Þw2 h‘2 i=‘40 .
This constant is of order λ ≃ 1/2 since all the three lengths are similar. We have
used Eq. (16) to estimate the hydrodynamic force generated by an enzymatic
solution.
Barrier crossing under the combined inﬂuence of thermal and active noise.
We examine overdamped Langevin dynamics in a reaction energy landscape U(q)
of a symmetric bistable system,
a
b
UðqÞ ¼  q2 þ q4 :
2
4
pﬃﬃﬃﬃﬃﬃﬃﬃ
U(q) has two minima at qm ¼ ± a=b, separated by an energy barrier, EB = a2/
(4b). In the overdamped Langevin framework, the reaction coordinate q evolves
according to
∂U
þ ζ T ðtÞ þ ζ A ðtÞ :
ð17Þ
∂q
The noise term ζT(t) in Eq. (17) is a standard stochastic thermal force with the
statistics
γq_ ¼ 

hζ T ðtÞζ T ðt 0 Þi ¼ 2γkB Tδðt  t 0 Þ ;
The active force ζA(t) is modeled as an Ornstein-Uhlenbeck Process,
pﬃﬃﬃﬃﬃﬃﬃ
τ A ζ_ A ¼ ζ A þ 2A ξ W ðtÞ ;

ð18Þ

where ξW(t) is a white noise source with zero mean and unit variance, A is the
energy scale of the active force, and τA correlation time of the activity. The
corresponding active force statistics is given by

 

0
ζ A ðtÞζ A ðt 0 Þ ¼ A=τ A ejtt j=τ A :
For an Ornstein-Uhlenbeck process, the ﬂuctuation-dissipation relation implies that
to τA. Hence, the variance of the active force,
A 2isproportional
F H ¼ hζ 2A ðtÞi ¼ A=τ A , remains constant.
To examine the impact of active noise on barrier crossing, we numerically solve
many realizations of Eq. (17) and analyze the statistics of crossing events. For this
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Data availability

purpose, we introduce the following scaling

All the data presented in the paper are available from the authors upon reasonable
request.

t ¼ t=τ 0 ; q ¼ q=q0 ;
where τ0 = γ/a is the thermal relaxation time of the particle in the vicinity of the
minimum at q0. Using the above scaling, we obtain a dimensionless form of the
Eqs. (17) and (18)
q_ ¼ q  q3 þ ζA ðt Þ þ ζT ðt Þ;

ð19Þ

pﬃﬃﬃﬃﬃﬃﬃ
 ξ ðt Þ ;
2A
W

ð20Þ

τ A ζ_ A ¼ ζA þ

 ¼ A=ð4γE Þ. The corresponding scaled noise statistics are
with A
B


ζT ðt ÞζT ðt 0 Þ
¼ σ 2T δ ðt  t 0 Þ;




ð21Þ
ζA ðt ÞζA ðt 0 Þ
¼ σ 2A exp jt  t 0 j=τ A ;


0
0
ξ W ðt Þξ W ðt Þ ¼ δðt  t Þ;
 
where σ 2A ¼ F 2H =ð4aEB Þ and σ 2T ¼ kB T=ð2EB Þ are the scaled active and thermal
noise strength. Equations (19), (20), and (21) are the central equations in our
numerical and analytical study. To simplify the notation, we will hereafter omit the
overbar in the scaled variables (so q ¼ q etc.).
The numerical simulation. We solve Eq. (19) employing an explicit Euler
scheme113, which yields the following iterative dynamics for the reaction coordinate:
qðt þ dtÞ ¼ qðtÞð1 þ dtÞ  q3 ðtÞ dt þ X ζ T þ X ζ A ;
where X ζ T and X ζ A are the random processes
Z tþdt
Xζ T ¼
ζ T ðuÞdu ;

Code availability
Codes used for the simulation are available from the authors upon reasonable request.
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